In recent work of Cachazo, Guevara, Mizera and the author, a generalization of the biadjoint scattering amplitude m (k) (I n , I n ) was introduced as an integral over the moduli space of n points in CP k−1 , with value a sum of certain rational functions on the kinematic space K k,n . It was shown there for m (3) (I 6 , I 6 ) and later by Cachazo and Rojas that collections of poles appearing in m (3) (I 7 , I 7 ) are compatible exactly when they are dual to collections of rays which generate the maximal faces of a polyhedral complex known as the (nonnegative) tropical Grassmannian.
Introduction
This note aims to supplement our previous work [16] and to make available techniques which may be useful in studying combinatorially the expansion of the generalized biadjoint amplitudes m (k) (I n , I n ) introduced in [9] and studied subsequently in [7, 10, 12, 13, 19, 21] . In our approach there are two main objects. The first layer consists of a family of piecewise continuous 1 functions on a hypersimplex 2 ∆ k,n whose curvatures are identically zero over a certain alcove triangulation, i.e. one that is compatible with a given cyclic order, as in [24] . We derive a subfamily of these which, when evaluated on the vertices of ∆ k,n , have the following important properties: (1) they are in bijection with "nonfrozen 3 " vertices, (2) they are all poles of m (k) (I n , I n ), (2) modulo zero curvature functions they dualize to give a planar basis for linear functionals on the kinematic space, and (3) expanding any pole in the planar basis makes possible a combinatorial criterion for the compatibility of any two poles: (4) given a pair of functions which have zero curvature over the maximal cells of some matroid polytopes, compute these curvatures, restrict them to the second hypersimplicial faces ( ∆ 2,n−(k−2) ) of ∆ k,n , and check whether the usual four-term Steinmann relations hold on pairs of 2-block set partitions, see [34] and in particular the review article [36] . 1 Unless otherwise stated, all functions h on the hypersimplex shall be assumed piecewise continuous. 2 Recall that hypersimplices are the convex polytopes ∆ k,n = x ∈ [0, 1] n : n j=1 xj = k ,see Equation (2.2) . 3 Labeled by subsets not consisting of a single cyclic interval
In a Mathematica notebook which accompanies the arXiv submission we implement (4) to enumerate the maximal cones in Trop + (k, n) for (k, n) ∈ { (3, 6) , (3, 7) , (3, 8) , (3, 9) , (4, 8) }, obtaining the same enumeration which was found in [11] . See Appendix B for a summary of the results.
By analogy with the case k = 2 the expansion of m (k) (I n , I n ) for k ≥ 3 were called generalized Feynman diagrams, and their study, as objects of independent interest, was initiated in [7] for k = 3 using collections of trees, and then to k ≥ 4 in [11] using arrays of Feynman diagrams.
In Section 2 we derive a new planar basis of linear functionals on R ( n k ) denoted η J , for certain nonfrozen k-element subsets J of {1, . . . , n}. These give rise to a planar basis of the kinematic space K k,n when it is viewed as a subspace of R ( n k ) . The basis of functionals η J on the kinematic space are labeled by sets J whose indices do not form a cyclic interval in {1, . . . , n}.
Our perspective is that the biadjoint amplitude, m k n (I, I), admits a series of inner approximations defined by
in correspondence with certain polyhedral subcomplexes of the nonnegative tropical Grassmannian Trop + G(k, n). Here N k = (k − 1)(n − k − 1), and the sum is over all compatible collections C = {J 1 , . . . , J (k−1)(n−k−1) } of planar basis elements η J , where the J i are nonfrozen k-element subsets of {1, . . . , n}. We construct the first inner approximation completely using the planar basis, and then skip all the way to compute the whole amplitude using ray data which was kindly shared with us. Compatible collections consist of (non cyclically-consecutive) k-element subsets of {1, . . . , n} which satisfy a pairwise non-crossing condition known as weak separation: if e J := j∈J e J with |J| = k, then for any pair J a , J b the difference e J 1 − e J 2 must avoid the pattern e a − e b + e c − e d given the cyclic orientation a < b < c < d. In the case k = 2, then weak separation becomes a special case of the Steinmann relations 4 on transverse (affine) hyperplanes. See also [26, 27] for connections to Hopf algebras. By summing over all such collections we obtain the first inner approximation to m (k) (I n , I n ), given in Equation (1.1).
The justification for the term "inner approximation" becomes more clear when stated geometrically: it means, by Theorem 9, that we are summing over the all refinements of a particular family of matroid subdivisions known as multi-splits, where all maximal cells are required to be positroid polytopes. Equivalently, the sum is over maximal faces of the correspondingly labeled polyhedral subcomplex of the nonnegative tropical Grassmannian.
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The two (incompatible) arrangements of the blade ((1, 2, 3, 4)) on the octahedron; these are connected by a square move. They are incompatible because their superposition does not induce a matroid subdivision: the resulting four tetrahedral cells are not matroid polytopes. The Steinmann compatibility relation for poles of Feynman diagrams, as reciprocals of linear forms on the kinematic space K k,n reduces the requirement that the octahedral faces ∆ 2,4 of the hypersimplex ∆ k,n be cut into at most two square pyramids.
Height functions, kinematic space and planar basis
In this paper, we study a remarkable set of linear forms η j 1 ···j k : R ( n k ) → R and in particular their restriction to the kinematic space
In geometric terms, the η J correspond to equivalence classes of surfaces over a hypersimplex that are linear over a particular kind of matroid polytope that occurs as the maximal cells in the so-called multi-split matroid subdivisions.
Definition 1.
A matroid subdivision is a decomposition P 1 · · · P d of a hypersimplex ∆ k,n such that each pair P i , P j intersects only on their common facet, and such that each P i is a matroid polytope. It moreover a planar (or positroid) subdivision if every maximal cell Π i is a positroid polytope, that is, its facets are given by equations x i + x i+1 + · · · + x i+m = r i,i+m for some integers r i,i+m , where i ∈ {1, . . . , n} and 1 ≤ m ≤ n − 2, where the indices are assumed to be cyclic.
A d-split of an m-dimensional polytope P is a coarsest subdivision P = P 1 ∪ · · · ∪ P d into m-dimensional polytopes P i , such that the polytopes P i intersect only on their common facets, and such that codim(P 1 ∩ · · · ∩ P d ) = d − 1.
If d is not specified, then we shall use the term multi-split.
For any n-cycle β = (β 1 , . . . , β n ) define a piecewise-linear function on R n by
We shall restrict its domain to the hyperplane H 0,n where x 1 + · · · + x n = 0. When β = (1, 2, . . . , n) is the standard n-cycle, we shall omit β and write simply h(x).
Remark 3. The locus of points where the curvature ∇ 2 (h β ) is nonzero, of a function of the form h β (x), coincides with an object called a blade by A. Ocneanu, see [28] , where he used the notation ((β 1 , β 2 , . . . , β n )).
In fact the support of the curvature ∇ 2 (h) can be expressed using tropical geometry.
Proposition 4 ([16]
). The blade β = ((1, 2, . . . , n)) is the tropical hypersurface defined by the bends of the function h β : H 0,n → R,
that is the locus of points x where the minimum is achieved at least twice. Figure 2 . The blades ((1, 2, 3)) and ((1, 2, 3, 4)) are isomorphic to a tropical line (respectively a tropical hyperplane), but they have only cyclic symmetry. These are used to induce the linear forms η J which appear as poles in the Feynman diagram expansion of the generalized biadjoint amplitude. See [15, 16] for details about blades.
Then ((1, 2, . . . , n)) is the set where the curvature ∇ 2 (h) is nonzero. Indeed, it is not difficult to see by replacing characteristic functions in [15] by the relevant distributions, that the curvature of the function h expands as a linear combination of products of Heaviside functions and Dirac-Delta functions:
where the indices are cyclic. For instance,
Translating h to the vertices of hypersimplex ∆ k,n gives rise to a collection of height functions ρ J (x) = h(x−e J ) for x ∈ ∆ k,n , and restricting these to the vertices of ∆ k,n determines an (integer-valued) height function, which we shall encode by a vector in Z ( n k ) . First denote by ρ J : ∆ k,n → R the translation of h,
Now put
h(e J ) := e I ∈∆ k,n ρ J (e I )e I ∈ R ( n k ) .
One can see that the restrictions to K k,n of the linear functionals dual to the basis e J are naturally identified with the generalized Mandelstam variables s J .
We now come to one of our main constructions, obtained by dualizing the elements h e J , of the planar basis of kinematic invariants. One can see that the set of these elements η J are invariant under cyclic permutation. Now we introduce the planar basis. As in [16] , we are are interested in arrangements of the single blade ((1, 2, . . . , n)) on the vertices of hypersimplices ∆ k,n ; Weyl alcoves in ∆ k,n are simplices, but are not matroid polytopes, with vertices among those of ∆ k,n and with n facet inequalities of the form
where the indices range over a cyclic interval in {1, . . . , n}.
Proposition 6 follows from the observation that the common refinement of all positroid subdivisions is the alcove triangulation of ∆ k,n into A k−1,n−1 simplices, where A k,n is the Eulerian number which counts the number of permutations of {1, . . . , n} having k descents.
Proposition 6. Any linear combination
has zero curvature over each Weyl alcove in ∆ k,n . Proposition 7. The following linear relations hold among linear functionals on respectively R ( n k ) and K k,n .
1. For any frozen vertex e J ∈ ∆ k,n where J = {j, j + 1, . . . , j + k − 1}, then the graph of the function ρ J (x) has constant slope over ∆ k,n , hence zero curvature; therefore so does
Further, η J ≡ 0 upon restriction to K k,n .
2. Given a nonfrozen vertex e J ∈ ∆ k,n with t(≥ 2) cyclic intervals, with cyclic initial points say j 1 , . . . , j t , consider the t-dimensional cube
Then the following relation among linear functionals holds identically on R ( n k ) , as well as on the subspace K k,n :
where L · L is the number of 1's in the 0/1 vector L.
3. Moreover, for any frozen vertex e J = k−1 i=0 e j+i , then η j,j+1,...,j+(k−1) − η j−1,j+1,...,j+(k−1) = −s J + 1 n e I ∈∆ k,n s I , and upon restriction to K k,n the second term on the right hand side vanishes and we obtain
Corollary 8. The set of linear forms {η J : e J ∈ ∆ k,n is nonfrozen} is a basis of functionals on the kinematic space K k,n . In particular, any pole appearing in the Feynman diagram expansion of m (k) (I n , I n ) can be expanded in the η J basis.
Checking compatibility for pairs of planar poles has an efficient implementation via the four-term Steinmann relation, applied to subdivisions induced on the second hypersimplicial faces {x ∈ ∆ k,n : x j = 1 for j ∈ J} as J runs over all (k − 2) element subsets of {1, . . . , n}. Thus, the Steinmann relation [36] corresponds combinatorially to a non-crossing condition called weak separation once a cyclic order is fixed.
Checking compatibility for pairs of planar basis elements has a particularly efficient implementation, using weak separation as studied in [16] . Compatibility for exotic poles which are dual to planar matroid subdivisions which are not multi-splits can also be checked, but the computation (and Mathematica implementation) is somewhat more involved.
. Given a collection of vertices e I 1 , e I 2 , . . . , e Im ∈ ∆ k,n , the blade arrangement {((1, 2, . . . , n)) e I 1 , ((1, 2, . . . , n)) e I 2 , . . . , ((1, 2, . . . , n)) e Im } induces a matroid (in particular a positroid) subdivision of ∆ k,n if and only if {I 1 , . . . , I m } is weakly separated.
Using the facet data from [13] for n = 8, we have verified Corollary 10 below in Mathematica, i.e. that every maximal weakly separated collection gives rise to a generalized Feynman diagram in m (3) (I n , I n ), for n = 6, 7, 8, 9, and we have verified for that every pole of the form η J , for J ∈ [8] 4 nonfrozen, i.e., whose indices do not form a single cyclic interval, appears as a pole in the expansion of m (4) (I 8 , I 8 ). We have also computed the expansions of the remaining poles in terms of the η J basis, and using these expansions we have computed the corresponding biadjoint amplitudes.
Corollary 10. Every maximal weakly separated collection of (nonfrozen) subsets
defines a generalized Feynman diagram in the sense of [7] :
Thus, in this sense the sum
over weakly separated collections of (k − 1)(n − (k − 1)) planar basis elements, becomes an inner approximation to the generalized biadjoint scattering amplitude m (k) (I n , I n ). upon restriction to K 3,6 . Thus, we have η 246 = R 12,34,56 , in the notation of [9] and elsewhere.
Conversely,
where we remark that η 234 ≡ 0 on K 3,6 .
Moreover, as a consequence of the relations ("momentum conservation") on K The change of basis matrix is then 
3 Boundary operators, generalized Feynman diagrams and Steinmann relations for ∆ 2,n−(k−2)
Any subset L of {1, . . . , n} (of size at most k −2, say), determines a face of the hypersimplex
We also denote by ∂ L the linear map which is induced on the space of linear combinations of piecewise-continuous functions on ∆ k,n which have zero curvature over every Weyl alcove in ∆ k,n , modulo functions having zero curvature over all of ∆ k,n . By Proposition 6, the functions ρ J span a subspace of these. Indeed, this is a proper subspace, simply because there are only n k − n nontrivial ρ J 's, while the number of Weyl alcoves in ∆ k,n is the (in general much larger) Eulerian number A k−1,n−1 .
Recall the restriction of h to vertices of ∆ k,n ,
In an accompanying Mathematica notebook, the boundary operator ∂ {j},1 introduced in Lemma 24 of [16] is implemented and is used to obtain a criterion for compatibility of coarsest (positroid) subdivisions, and consequently also for compatibility of poles in generalized Feynman diagrams from [7, 11] .
It would be interesting to approach the following conjecture in the context of [23] and related work; however it seems somewhat beyond the scope of this paper and we leave it to future work.
Corollary 15 provides the key criterion which we have implemented in the Mathematica notebook which accompanies the arXiv submission: it reduces the problem whether the common refinement of two positroid subdivisions is itself a positroid subdivision to a simple test on the second hypersimplicial faces of ∆ k,n . We implement this criterion in an attached Mathematica notebook to compute the maximal cones in the nonnegative tropical Grassmannians Trop + Gr(k, n) for (k, n) ∈ {(3, 6), (3, 7) , (3, 8) , (3, 8) , (4, 8) }.
For the following we need to introduce a simple bijection between two-block planar set partitions (S, S c ) of a set {1, . . . , n} and pairs of integers (i, j). Namely, we have the following formal identification:
where, with cyclic indices, we have
Suppose now that the curvatures ∇ 2 (h 1 ) and ∇ 2 (h 2 ) expand in the basis of planar blades {β e J : e J is nonfrozen}, as
The notation β L ((S,T )) is best understood through an example which follows; see also the Mathematica implementation.
1. Compute the boundaries and find the nonzero coefficients a ((S 1 ,S 2 )) , b ((T 1 ,T 2 )) for ((S 1 , S 2 )) ∈ D 1 and ((T 1 , T 2 )) ∈ D 2 , say, such that
2. For each pair ((U 1 , U 2 )), ((V 1 , V 2 )) ∈ D 1 ∪ D 2 , compute an (affine) analog (which we formulate below) of the Steinmann relation on patterns of intersecting transverse hypersurfaces. Here our reference for the analogy is the review article [36] , p. 827, to which we refer for details. The test yields says that the induced subdivision in the bulk of ∆ k,n is matroidal if at least one of the following intersections is empty:
If all four intersections are nonempty for some such pair ((U 1 , U 2 )), ((V 1 , V 2 )) ∈ D 1 ∪ D 2 , then there must be at least one non-matroidal maximal cell in the subdivision of ∆ k,n induced by the superposition of the curvatures ∇ 2 (h 1 ) and ∇ 2 (h 2 ).
The action of ∂ {j} on β J , as well as on β L J , is easily understood by example. For more details than we can provide here, see Theorem 17 and Lemma 24 and surrounding discussion in [16] .
We shall always sum over faces j = 1, . . . , n; therefore let us use the notation
We take a (real or complex, but rational numbers Q suffice for our purposes) graded vector space generated formally by the set J\{ } , where = j if j ∈ J, and otherwise is the cyclically next element of {1, . . . , n} that is in J. One takes the "cyclically next element" in order to match the notation used to encode the subdivision induced on the boundary; in this way our construction is not ad hoc; it is strictly determined geometrically.
This will be more clear with an example.
Let J = {1, 4, 5, 6}, with n = 8. Then ∂ 1 (β 1456 ) = β Note that when β's with the same superscript are collected, the subscripts define weakly separated collections. For instance, β Then it is easy to see that the pair (S, S c ) = (12, 456789) where we have killed β a,b J 's which correspond to identically zero curvatures on the corresponding face ∂ a,b (∆ 4,8 ) . The terms sent to zero consist of those β a,b ij such that i and j are cyclically adjacent in the set {1, . . . , 8} \ {a, b}, with respect of course to the standard cyclic order (12 · · · 8). With direct translation, this sum becomes an array of (degenerate) trees, as in [11] .
Additional applications
The purpose of following two sections is to preview [17] with some additional applications of the techniques developed in [16] and in this work.
Amplitude condensation examples: K 3,6 and K 3,7
Example 16. It follows from [9] that there are eight Laurent monomials in m (3) (I 6 , I 6 ) which contain the element η 246 : these 8 out of 34 maximal weakly separated collections containing (the reciprocal of ) η 246 combine to give Together its cyclic twist η 135 , we have accounted for 16 out of the 34 maximal weakly separated collections. In the notation of [9] , Equation (4.1) becomes 34, 56 .
These can be used to simplify the amplitude; we focus for now on the part of the sum which contains only the 14 basis elements η J . Consider the following Laurent polynomial on K 
As the second line is a sum of over all 18 
There is a single cyclic permutation class of exotic coarsest positroid subdivisions for ∆ 3,7 . One of its representatives is (dual to) the form Let us now use the data from [13] to condense the amplitude around all generalized Feynman diagrams in the X(3, 7) amplitude containing the 3-splits η 247 and η 257 . Then we find 
Straightening the potential function and generalized cross-ratios
In the usual formulation for n points on the Riemann sphere, one has a potential function P 2,n : Gr(2, n) × K 2,n → C by
where d ij is the 2×2 minor of a 2×n matrix, with the columns indexed by {i, j}, and s ij are the coordinate functions, or Mandelstam invariants, on K 2,n . The Mandelstam invariants satisfy the n linearly independent relations j =i
which make the potential function well-defined on the quotient of Gr(2, n) by the torus (C ) n . Denote by d J the determinant of the k × k submatrix with column set J of a k × n matrix.
We shall diagonalize the potential function on K k,n using the planar basis of linear forms η J . Now whenever 2 ≤ k ≤ n − 2, one has a generalized potential function P k,n : Gr(k, n) × For convenience, we record the first few cases of the potential function.
In the planar basis, Denoting by u i+1,j+1 := d i+1,j d i,j+1 d i,j d i+1,j+1 the coefficient of η ij , then u i,j coincides with Equation 6.7 of [5] . Matroidal blade arrangements guide us to the natural analog for k ≥ 3, where we start to have higher order cross-ratios. We now give the general expression for the coefficients which appear by straightening the potential function to the planar basis, by assigning to each nonfrozen vertex e J of the hypersimplex a generalized cross-ratio, with minors labeled by the vertices of a t-dimensional cube, where t is the number of cyclic intervals in the set J.
So given a nonfrozen vertex e J ∈ ∆ k,n with t(≥ 2) cyclic intervals, with cyclic endpoints say j 1 , . . . , j t , consider the t-dimensional cube
Remark 18. Unfortunately these generalized cross-ratios w J can not in any obvious way be used to define coordinate systems to extract face data in the same way that is possible for the cross-ratio coordinates 5 u ij , as was very recently done in [3] for so-called binary geometries. However, it seems like a natural question to ask what happens to the space configuration space X(k, n) of n points in CP k−1 , modulo GL(k) when they the w J are required to be (1) real and (2) in the interval [0, 1]. Clearly the (torus quotient of the) nonnegative Grassmannian satisfies this property, but our proposal is potentially more general. We leave such questions to future work.
Proposition 19. After straightening the potential function to the planar basis of linear forms on K k,n , the coefficient of η J is (the logarithm of ) the generalized cross-ratio w J . We have P k,n = e J ∈∆ k,n nonfrozen η J log(w J ).
The product of all generalized cross-ratios has a simple form.
Proposition 20. Taking the product over all n k − n generalized cross-ratios we get e J ∈∆ k,n nonfrozen 
Discussion
Evidently much work with the η J basis remains; in this work we have only sketched an outline of what is possible. Let us now discuss some possible directions. First, we remark that while the expansion of the full amplitude biadjoint amplitude m (k) (I n , I n ) is for now inaccessible when one restricts to generalized Feynman diagrams involving only poles of the form η J , doing so has at least one key advantage: first, the data for the part accessible with only η J 's is extremely compact and one can generate pole data to larger k and n than if the whole amplitude were included. The poles, as linear forms η J , are constructed uniquely using Equation (2.2) from a single k-element set, and generalized Feynman diagrams are (k − 1)(n − k − 1)-element collections of these. The compatibility rule for planar basis poles is computationally extremely efficient: to check whether η J 1 and η J 2 are compatible, simply compute the difference e J 1 −e J 2 and look for the pattern (1, −1, 1, −1) or (−1, 1, −1, 1) , where e J = j∈J e j . This is simply a restatement of the weak separation condition. For example, η 147 and η 257 are incompatible because the difference e 147 − e 257 = (1, −1, 0, 1, −1, 0, . . .).
contains the bad pattern. Consequently one can very efficiently generate, store and analyze a nontrivial chunk of the amplitude for large k and n. This missing portion consists of all maximal positroid subdivisions which contain at least one exotic pole, i.e. those coarsest positroid subdivisions that are not multi-splits of the form η J , see Definition 2. One question is to study the expansions of the exotic poles in the η J basis and find a scheme to derive and classify the exotic poles. Such issues are left to future work [17] . Let us recall Section 3, where we drew an analogy between the Steinmann relations, formulated in [36] as a set of linear equations on discontinuities of generalized retarded functions, and a combinatorial condition on pairs of affine hyperplanes which intersect the interior of the second hypersimplex ∆ 2,n . We simply remark that in the context of this work, it seems natural to wonder about the possibility to "extend" the original Steinmann relations into the interiors of the hypersimplices ∆ k,n for k ≥ 3.
For planar N = 4 SYM amplitudes, as discussed very recently in [2] , one would have to develop a thorough and constructive understanding of the positroid subdivisions of ∆ 4,n for n beyond 8 or 9. The problem is that the totally positive tropical Grassmannians one obtains for the amplitude are high in dimension and complexity, making direct visualization impossible, but there are some clues about possible ways around this. Indeed, see Figure  5 for the complex built by refining those coarsest positroid subdivisions of ∆ 4,8 that correspond to planar poles η J where J has either three or four cyclic intervals; one can see (using say GraphPlot3D in Mathematica, as we have done) that the adjacency graph embeds nicely into R 3 as the 1-skeleton of a polyhedron (though there are two problematic vertices at the north and south poles, perhaps similarly to what was found in [18] for (3, 6) ). Now Figure 6 shows that for positroid subdivisions of ∆ 4,10 , if one keeps only 4-splits, i.e. η abcd with abcd not cyclically adjacent, treating 2-splits and 3-splits as "coefficients," then the adjacency graph for the generalized Feynman diagrams is the one-skeleton of a polyhedral complex that still embeds nicely in dimension three! In contrast, the ambient dimension of the relevant object, the (nonnegative) tropical Grassmannian Trop (4, 10) , is significantly more: the maximal faces have dimension 21 = (k − 1)(n − k − 1). Finally, it would be very interesting to study any special kinematics arising from the planar basis; for instance, in the case k = 2, setting the η J to 1 corresponds to taking the special "Catalan" kinematics from [8] .
Note added. While preparing this paper for submission we learned of the work [20] , which has some overlap with ours. Using the 120 rays from the data given in [13] for TropGr + (3, 8) one finds 13612 maximal dimension cones, in agreement with [11] . For the amplitude m (3) (I 8 , I 8 ) this corresponds to counting the number g of generalized Feynman diagrams such that the denominator of the corresponding rational function has degree d. The breakdown is For m (3) (I 9 , I 9 ), using a given set 6 of rays for TropGr + (3, 9) , we computed the 346710 maximal dimension cones. They have the following breakdown: d  10  11  12  13  14  15  16  17  18  19  20  21  g 186147 46395 35181 19854 20472 9666 9171 4929 4188 2817 2415 1203   d  22  23  24  25  26  27  28  29  30 31 32 33 35 36 37 39 46  g 1314 774 666 396 288 240 129 117 153 75 18 18 36 18 6 18 6 Similarly, from the 360 rays for Trop + Gr(4, 8) we find 90608 maximal dimensional cones again in agreement with [11] ; the number g of generalized Feynman diagrams having a degree d denominator has the following breakdown. Figure 6 . Condensation of the multi-split complex of β J 's for ∆ 4,10 around 4-splits.
